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I. INTRODUCTION 
We wish to present a method for solving the two-dimensional transport 
equation describing radiative transport. This method is a generalization of 
the normal mode expansion method introduced by Case [l] in the solution of 
one-dimensional problems. The basis of the method is the theory of General- 
ized Analytic Functions [2] applied first by Cercignani [3] to a transient 
problem in kinetic theory, and later by Kaper [4] to solve a transformed 
Boltzmann equation. The essence of the method used here consists of the 
reduction of the two-dimensional transport equation to a one-dimensional 
form through a combination of integral transformations and variable changes. 
The resultant equation is then solved by separation of variables; the general 
solution being constructed as a linear combination of elementary solutions. 
Theorems on orthogonality and completeness then allow for the determina- 
tion of the coefficients from source and/or boundary conditions. 
Solutions to the line source problem in full- and half-space geometries are 
obtained by inverting Fourier transformed solutions to the “reduced” 
equation of asymptotic transport theory. It is found possible to convert 
several two-dimensional area integrals into line integrals and in the process 
confirm the existence of a discrete eigenvalue for systems of any size. 
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II. ELEMENTARY SOLUTIONS 
In monoenergetic transport theory the particle distribution function 
Y(r, ~2, t) obeys 
Wr, QL, t) 
at + VQ . d!P(r, P, t) + vaY(r, S2, t) 
(1) 
= z jf(n * S’) Y(r, P’, t) dQ’ + Q(r, C2, t), 
where o is the total cross section, v is the speed, Sz is the velocity direction, 
and c is the number of secondaries per collision. Assuming isotropic scattering, 
time-independence, and two-dimensional spatial behavior, Eq. (1) can be 
written 
cL wx, Y, CL? 4) 
ax 
+ (1 - $)1/a cos 4 ay(x;; pL, +) + Y(x, y, p, I$) 
(2) 
=& j:“d+ ,I: dp’Y(x, Y, CL’, 4’) + Q(x, Y, CL, Ch 
where x, y are measured in units of mean-free-paths. The relation between 
~2 and (p, 4) is shown in Fig. 1. 
Fig. 1. SZ coordinate system. 
SOLUTION OF THE BOLTZMANN TRANSPORT EQUATION 605 
Assuming y E [- co, + co], we define 
y(x, B, CL, 9) = 1:: eiByy(x, y, IL, 4) dy. 
The Fourier transformed version of Eq. (2) is 
(3) 
cL a% 4 CL, 4) 
ax + [l - iB(i - p2)liz cos+] Y(x) B, p, 4) 
(4) 
One casts this into an equation having the appearance of the one-dimen- 
sional transport equation by defining 
’ = 1 - iB(1 $2)‘/2cos~ 
and 
@(x, B, z) = F(x) B, p, 4) [l - iB( 1 - /~~)l/~ cos 41. (6) 
Neglecting the inhomogenous term in Eq. (4) one then obtains 
z a@(;xB’ ‘) + @(x, B, z) = 11, @(x, B, z’) g(z’) dz’, 
where 
x = t + i7, dx = df drl, 
g(z) = A- IJI 
4rr [l - iB( 1 - ,u~)~/~ cos 41 ’ 
(5) 
(7) 
(8) 
and where J is the Jacobian of the transformation from p, 4 to 6, 7. 
The range of integration in Eq. (7)) symbolically denoted by 0, is an area 
whose boundary M is described by 
+ = B2[t2 - (6” + T~)~]. (9) 
A sketch of this area is shown in Fig. 2. 
Assuming a solution to Eq. (7) of the form, 
@(x, B, z) = I&(Z) e+“, (10) 
the following two types of elementary solutions were found [4]: 
606 ERDMANN AND SOTOODEHNIA 
Fig. 2. 0 domain in the z plane. 
1. Discrete Solutions. 
VE-8 where &-%euae, 
=Fz/vo 
@+(x9 B, 4 = #+(z) e , (114 
(1 lb) 
(114 
2. Continuous Solutions. 
v E 8, 
%(x9 B, 4 = A(4 e-+, (124 
$&s) = J& + h(v) qv - x), (12b) 
The utility of these elementary solutions lay in the fact that they (in part 
or all of them) can be shown to be complete in z (or p, #), and furthermore, 
that orthogonality relations exist for obtaining expansion coefficients [4]. 
A list of these orthogonality relations is given in Appendix I. 
The basis of the completeness theorem rests on the behavior of integrals 
of the form [2], 
(13) 
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Using this notation Kaper [4] writes 
A(z) = 1 - 7rzT,g(z). 
Then Eqs. (1 lc) and (12~) can be written as 
(14) 
A(2) = 0 4 
and 
A(2) = X(2) 2 E e. 
In addition, the following identity is noted [2] 
(114 
WC) 
atl(x)= 0 
I 
xqe 
az - rrxg(4 2 E e, 
where 5 implies the complex conjugate of z. 
The integral in Eq. (14) or (1 lc) can be evaluated for z 6 fi 
(15) 
A(z)= l- = __ 
2 d/z-s - Bs 
ln 1 + 1/r2 - I32 
1 - z/x-” - B2 
2 E 8. 
We can write Eq. (16) as 
1 +&I 1=&m-------, 
1 -Lo 
where 
Lo2 = vi2 - B2 and 2 = vg I 
(16) 
(17) 
(18) 
For c < 1, Eq. (17) has two real solutions, equal in magnitude and opposite 
in sign, with 
0 <Lo2 < 1. 
Hence, from Eqs. (18) and (9), one sees that the discrete elementary solutions 
exist when B2 < 1 - Lo2. 
Defining 
enables one to write a general solution for @(x, B, z), valid for all B, as 
@(x, B, 2) = [a+@+(x, B, 4 + a-@-(x, B, 41 x(B2) 
(20) 
+ ss, 44 @vjY(x, B, 4 dv. 
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III. FULL- AND HALF-SPACE SOLUTIONS 
In this section the solutions for a line source in an infinite and in a semi- 
infinite medium are obtained 
1. Full-Space 
Here we solve Eq. (2) with 
&-fm q-5 Y, CL, c> = 0, (214 
,jym q% Y, CL9 4) = 0, @lb) 
P(x, Y> PCL, 4) = 2 S(x - 4 S(Y - Y’> S(P - P’) w#J - 4’). cw 
Applying Eqs. (21) to expressions for the general solution (cf. Eq. (20)) 
yields, for the transformed flux 
g(d) #+(z’) #+(zz) e-(s-2’)‘v0x(B2) 
N+ 
@J(x, B, z) = C ! + Lo 
g(d) $y(z’) &(z) e-fx-*‘)‘v dv 
N” 
x > x’ 
i 
g(d) 9-(x’) yi-(z) e(s-z’)“oX(B2) 
(22) 
N- 
I Sf g(d) I)&!) I,&(Z) e-(z-O’)iv dv - N” x < x’. LC’<O 
It was found possible to reduce the double integrals in Eq. (22) via the 
application of a generalized Green’s formuia [2]. For example, from Eq. (22) 
we write 
I= 
IS 
g(d) &y(d) &(z) e-(r-z’)/v dv 
a+ N” 
(23) 
Substituting for NV from Eq. (I-8) and for &y(z) and &(x’), yields 
I= ss 
g(z’) [$ + A(v) S(v - z)] [-$$ + A(v) S(v - z’)] c(~-~‘)‘” dv 
&9+ v&> AZ(v) 
or 
(24) 
I = II + 12 , 
I 
e-(z-s’)lv[vg(v) + A(v) (v - z) S(v - z)] 
x [vg(v) + A(v) (v - z’) S(v - z)] dv I 
(v - 4 vm A2W 
(254 
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and 
I 
e--(-‘)qvg(v) + A(v) (v - z?) S(v - z)] 
12=g(BI) 
IS 
x [vg(v) + A(v) (v - x’) S(v - x’)] dv 
z - z’ e+ (v - x’) vg(v) /P(v) (25b) 
Using 
g(v) = - L ail(,) 
nv au 
and the Generalized Green’s formula from Vekua [2], one obtains 
I1 = gw> 
s 
e-k-~‘)lv d,, 
24z - x’) ae+ 44 (v - 4 
(26) 
I, = AZ’) s e-k-r’)lv dv 2my.z - z’) as+ 44 (v - 4 * 
Thus, 
I - A4 e-(r-s’)/v dv 
27i-i ae+ A(v) (v - z) (v - x’) ’ (27) 
Fig. 3. contour for integrating @(x, z, z’) in z plane. 
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Now, performing the integration over the Path aB+, as given in Fig. (3), 
-(z-z’) /VqqB2) 
1 = g@‘) [(v, ” z) (v. - z’) A’(v,) 
e-(s-z’)/v dv 
+ $ p ,: (v - x’) (v - z) A+(v) A-(v) dv-2 - p 
___- 
(28) 
+ _1. e-(z-z’)/s[A+(z) + A-(z)] u(z) 
2 &4+(z) A-(x) (z - x') 
+ -T 
1 e-(2-z’)‘z’[A+(z’) + A-@‘)] v(z,)] , 
A+(z') A-(d) (z' - z) 
where 
Thus the expression for the transformed distribution function becomes 
+ 1 e-(z-s’)~z[A+(z) + A-(z)] u(z) 
2 R+(x) A-(x) (2 - z') 
where 
y = (1 + B2)-lj2, &cz, 47r 
and 
Ux) = I:, 
x E LO, rl 
x $ [O, y]. 
(29) 
A similar expression holds for x < x’. Hence, discrete terms are seen to 
exist for all values of B in Eq. (24). 
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By integration of Eq. (29), the total flux from an isotropic line source 
becomes, (the known expression [5] for this result) 
k&Y) = & [& KdLoE(x - x’12 +(Y -Y’)21”2) 
where 
1M=c+L,2-l 
L,2( 1 - L,2) 
and K,,(x) is a modified Bessel function of the first kind. 
2. Half-Space 
Here we solve Eq. (2) with 
!+% y/(x, Y, II, $1 = 0, (3 lb) 
and 
!&x9 Y, l-4 $1 = & S(x) S(y). (314 
Using the appropriate orthogonality relations (see Appendix I) and bound- 
ary conditions one obtains for the transformed flux 
where H(v) is given by 
H(v) = +O - v> x(V) 
44 @z =dA(co), 
D=&, 
and 
cl(W) = 1 --&hi%. 
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In this half-space problem it was found possible to reduce the double 
integral in Eq. (32), as was done in the full-space problem. When the double 
integrals were evaluated and recombined Eq. (32) became 
The corresponding expression for the transformed scalar flux from a surface 
line source becomes, upon integration, 
with 
p(x, y) = ; 1,” ,5(x, B) cos By dB. 
This result can also be obtained using the Wiener-Hopf technique outlined in 
Reference 6. 
IV. REMARKS 
In this paper we have solved the two-dimensional form of the integro- 
differential Boltzmann equation by using elementary solutions to a trans- 
formed version of this equation. The approach parallels that used by Case [l] 
on the one-dimensional equation. In fact by appropriate reductions (usually 
letting B---f 0) the solutions presented here can be shown to become those 
obtained in one-dimensional theory. 
The approach used here seems sufficiently general so that a wide variety 
of two-dimensional problems can be handled with this method: for example, 
the line source located anywhere in a region containing two different half 
space, the line source in a slab, and finally the line source located anywhere 
in a quarter space. 
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APPENDIX I: ORTHOG~NALITY RELATIONS 
Full-Space 
It can be shown [4] that I/&Z) and &( z are orthogonal in the full domain 0 ) 
with the weight function .zg(z) as follows: 
/I’(* vo) =f c +L2 - l 
vo3L02( 1 - Los) ’ 
N*= *g2(fvoW 
, 
VO 
Iv" = vg(v) D(v) v E 8. 
A(v) for v E 0 is the analytical continuation of A(v) for v 4 8: 
A(v) = 1 - c 
2 d/y-2 - B2 
ln 1 + d/v-2 - B2 
1 -dv-2 e-2' 
(1-l) 
(I-2) 
(I-3) 
(I-4 
(I-5) 
(I-6) 
(I-7) 
(I-8) 
(I-9) 
Half-Space 
Here, #+(z) (or #-(z)) and &(z) for v E 8+ (or v E e-) are orthogonal in the 
domain B+ (or O-) with the weight function zg(z) H(z) 
Is 44 W4 9+(4 A(4 dz = 0 
v E ef, (I-10) 
a+ 
II 44 H@) 4+“(4 dx = N++, (I-l 1) 0+ 
IS Z&4 HP4 M4 M4 dx = Nv+ S(v - ~‘1 v, vf E ef, (I-12) 0+ 
j j,, zg(z) H(z) y5&z) &(z) dz = w&g(v) g(v’) p - ‘) x(v; 1 l”p - “) X(v’)] , 
v arb, q&e+ (I-13) 
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where 
ERDMANN AND SOTOODEHNIA 
H(z) = 4% - 4 x(4 
44 ’ 
x(z) = $ x,(4 = exp [ Ts+ [%]I , (I-15) 
N++ = ~,,“g2(~d Wq,) 4d, (I-16) 
NV+ = vg(u) H(v) A2(v). (I-17) 
There exist some identities involving the x and H functions which are 
useful in simplifying the half-space problem. These identities are 
x(4 xc- 4 = tyo2 3yJ2) oL2 and H(z) = 
1 
+%+4x(--z) - 
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